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^ ■ Abstract 

All solutions of constant classical Yang-Baxter equation (CYBE) in Lie algebra 
L with dim L < 3 are obtained and the sufficient and necessary conditions which 

■ (L, [ ], Ar, r) is a coboundary (or triangular ) Lie bialgebra are given. The strongly 

■ symmetric elements in L ® L are found and they all are solutions of CYBE in L 
> ■ 

' with dim L < 3. 



X 

Introduction 



The concept and structures of Lie coalgebras were introduced and studied by W.Michaelis 
in [6] [7]. V.G.Drinfel'd and A.A.Belavin in [2] [1] introduced the notion of triangular, 
coboundary Lie bialgebra L associated to a solution r G L ® L of the CYBE and gave a 
classification of solutions of CYBE with parameter for simple Lie algebras. W.Michaelis 
in [5] obtained the structure of a triangular, coboundary Lie bialgebra on any Lie algebra 
containing linearly independent elements a and h satisfying [a, 6] = ah for some non-zero 
a G by setting r = a®h — b®a. 

The Yang-Baxter equation first came up in a paper by Yang as factorition condition of 
the scattering S-matrix in the many-body problem in one dimension and in work of Baxter 
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on exactly solvable models in statistical mechanics. It has been playing an important role 
in mathematics and physics ( see [1] , [9] ). Attempts to find solutions of The Yang-Baxter 
equation in a systematic way have let to the theory of quantum groups. The Yang-Baxter 
equation is of many forms. The classical Yang-Baxter equation is one. 

In many applications one need to know the solutions of classical Yang-Baxter equation 
and know if a Lie algebra is a coboundary Lie bialgebra or a triangular Lie bialgebra. A 
systematic study of low dimensional Lie algebras, specially, of those Lie algebras that play 
a role in physics (as e.g. s/(2, C), or the Heisenberg algebra), is very useful. 

In this paper, we obtain all solutions of constant classical Yang-Baxter equation 
(CYBE) in Lie algebra L with dim L < 3 and give the sufficient and necessary con- 
ditions which (L, [ ], Ar,r) is a coboundary (or triangular ) Lie bialgebra. We find the 
strongly symmetric elements in L (8) L and show they all are solutions of CYBE in L with 
dim L < 3. Using these conclusions, we study the Lie algebra sl{2). 

In order to make the paper somewhat self-contained, we begin by recalling the defini- 
tion of Lie bialgebra (all of the following definitions in the introduction are the same as 



Let A; be a field with char k^2 and L be a Lie algebra over k. lir — Y,o.i®h ^ L®L 
and X & L, we define 



[5, P368-371]). 



r 



,12 



r 
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^[oj, ttj] ® 6j ® bj 




(g) [bi,aj] (g) bj 




^ttj (8) ttj (8) [bi, bj] 



X ■ r 



^[x, tti] ®bi + ai® [x, bi] 



Ar(x) 



X • r 



and call 





L® L 



denote the natural twist map ( defined hYX®y^y®x), and let 



^ : L® L® L 



L® L® L 



the map defined hyx®y®zh^y®z®xior any x,y,z G L. 
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a vector space L is called a Lie coalgebra, if there exists a linear map 



A : L — > L®L 

such that 

(i) JmA C Jm(l — r) and 

(ii) (l + e + e')(l®A)A = 

a vector space (L, [ ], A) is called a Lie bialgebra if 

(i) (L, [ ]) is a Lie algebra, 

(ii) (L, A) is a Lie coalgebra, 

(iii) for all x,y & L 

A[x,y] = X ■ A{y) - y ■ A{x), 

where, for all x, ai,bi e L, 

(L, [ ], A, r) is called a coboundary Lie bialgebra, if (L, [ ], A) is a Lie bialgebra and 
r e Im{l — r) Q L® L such that 

A(a;) — X ■ r 

for all X E L. a, coboundary Lie bialgebra (L, [ ] , A, r) is called triangular, if r is a solution 
of CYBE. 



1 The solutions of CYBE 

In this section, we find the general solution of CYBE for Lie algebra L with dim L < 3. 

Jacobson gave a classification of Lie algebras with their dimension dimL < 3 in [3, P 
11-14]. We now write all of their operation as follows: 

(I) If L is an abelian Lie algebra, then its operation is trivial; 

(II) If dim L— dim L' — 3, then there exist a basis {61,62,63} and a,P & k with 
a/? 7^ such that [ei, 62] = 63, [62, 63] = aei, [63, 61] = /362; 

(III) If dim L — 3 and L' C the center of L with dim L' — 1, then there exist a basis 
{61, 62, 63} and a,P & k with a — P — such that [61, 62] = 63, [62, 63] = aei, [63, 61] = ^62', 

(IV) If k is an algebraically closed field and dim L = 3 with dim L' = 2, then 
there exist a basis {61,62,63} and (3,5 & k with 5 ^ Q such that [61,62] = 0, [61,63] = 
61 + /?e2, [62,63] = (562; 

(V) If dim L = 3 and L' ^ the center of L with dim L' = 1, then there exist a basis 
{61, 62, 63} and /3,S & k with (5 — 6 = such that [61, 62] = 0, [61, 63] = 61 + /?62, [62, 63] = 
^62; 

(VI) If dim L = 2 with dim L' = 1, then there exists a basis {e, /} such that [e, f] = e. 
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We like to point out the actual meaning of the different algebras, namely (II) includes 
s/(2, C) and its real form su{2), (III) is just the three-dimensional Heisenberg algebra, 
(IV) includes the (1 + 1) Poincare algebra, (V) is the (one-dimensional) central extension of 
the non-abelian two-dimensional Lie algebra and (VI) is the non-abelian two- dimensional 
Lie algebra itself. 

For case (I), the two treated problems are trivial. 

Definition 1.1 Let {ei, 62, • • • , e„} be a basis of vector space V and r — Z^"j=i kij{ei <S> 
Cj) e 1/ (8) V, where kij e k, for i, j — 1,2, ■ ■ ■ ,n. 



for i, j,l,m = 1, 2, • • • , n, then r is called strongly symmetric to the basis {ei, 62, • • • , e„}; 
(ii) If kij = —kji, for i, j = 1,2, ■ ■ ■ ,n, then r is called skew symmetric. 
(Hi) Let dim V — 3 and ku = x,k22 = y,k^z = z,ki2 = p,k2i = q,ki3 = s, /C31 = 
^23 = u, kz2 — v,a, (3 & k. If p = —q, s = —t, u = —v, x — az, y = /3z and 



then r is called a,/3-skew symmetric to the basis {ei, 62, 63}. 

Obviously, skew symmetry does not depend on the particular choice of basis of V . We 
need to know if strong symmetry depend on the particular choice of basis of V. 

Lemma 1.2 (I) If V is a finite-dimensional vector space, then the strong symmetry 

does not depend on the particular choice of basis of V; 

(II) Let {ci, 62, 63} be a basis of vector space V, p, q, s, t, u, v, x, y,z E k and r = p(ei (8> 
62) +9(e2®ei) +5(61(8)63) +t(e3(8)ei)+w(e20e3)-F'u(e30e2)+a;(ei0ei)-F?/(e20e2)+-2;(e3(8)e3). 

Then r is strongly symmetric iff 



(^)If 



'ij — '^ji 




a(3z^ + I3s^ + aw^ = 0, 



xy = p^, xz 



s^,yz 




sp, ys = pu, zp = su, p = q, s = t,u — V 



^ff 



xy 




s'^,yz 



V? , xu — sp,p — q, s — t,u — V 



^ff 



xy 





u^, ys — up,p — q, s — t,u — V 



xy 




s^,yz 



u^, zp = su, p = q, s = t,u = V 
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r = z~^su{ei (g) 62) + z~^su{e2 ® ei) + s(ei ® 63) + 5(63 ® d) + u{e2 ® 63) + u{e^ ® 62) + 
z~^s'^{ei ® Ci) + z^^u^{e2 ® 62) + 2^(63 ® 63) with z 0; or, 

r = p{ei 62) + p(e2 ® Ci) + x{ei ® ei) + x~^p'^{e2 ® 62) wt/i a; 7^ 0; or, 
r = y{e2 ® 62) 

Proof. (I) Let {ei, 62, • • • , e„} and {e^, 63, • • • , e^} are two basis of V and r = 
YH,j=i kij{ei <S> Gj) be strongly symmetric to the basis {ei, 62, • • • , e„}. It is sufficient to 
show that r is strongly symmetric to the basis {e[,e2,---,e'^}. Obviously, there exists 
Qij e k such that Cj = J2s ^'sQsi for i = 1, 2, • • • , n. By computation, we have that 

r = kijqsiqtj){es 8) et). 

s,t i,j 

If set k'g^ = J2i,j kijQsiqtj, then for l,m,u,v = 1, 2, • • • , n, we have that 

klmkuv ^ ^ kijkstQuqmjQusQvt 

i,j,s,t 

— 5^ kiskjtQuqjnjqusqvt ( by kijkgt — kigkjt) 

ij,s,t 

— k' h' 

and 

y — k' 

which implies that r is strongly symmetric to the basis {e'^, 63, • • • , e^} 
(II) We only show that if 

xy = p^, xz = s^, yz = u^, xu = sp,p = q, s = t,u — v, 

then 

ys — pu, zp — su. 

If p 7^ 0, then ysp = yxu = up^ and usp = uxu = xyz = zp^ , which implies ys = up and 
us = zp. If p = 0, then x = or y = 0, which implies s = or m = 0. Consequently, 
ys = up and us = zp. □ 

Proposition 1.3 Let L be a Lie algebra with dim L — 2. Then r is a solution of 
CYBE iff r is strongly symmetric or skew symmetric. 

Proof. It is not hard since the tensor r has only 4 coefficients. □ 
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Proposition 1.4 Let L be a Lie algebra with a basis {61,62,63} such that [61,62] = 

63, [62, 63] = q;6i, [63, 61] = Pe2, where a, P E k. Let p, q, s, t, u, v, x,y, z E k. 

(I) If r is strongly symmetric or a,l3-skew symmetric to basis {61,62,63}, then r is a 
solution of CYBE; 

(II) If a 0, j3 0, then r is a solution of CYBE in L iff r is strongly symmetric or 
a, (3-skew symmetric; 

(III) If a = f3 = 0, then r is a solution of CYBE in L iff 

r = p{ei (g) 62) + p{e2 ® 61) + s(6i ® 63) + ^(63 ® 61) + ^(62 ® 63) + ^(63 ® 62) + a:(6i ® 
ei) + y{e2 ® 62) + 2;(63 63) 

with p 7^ 0, = xy, xu = sp, xv = tp, tu = vs, or 

r = s(6i (g) 63) + t{e3 (g) 61) + m(62 ® 63) + v{e3 ^ 62) + a;(6i (g) ei) + ^(62 ® 62) + -2(63 (g) 63) 
with xy — xu — XV — ys — yt — and tu — vs. 



Proof . Let r = Sij=i hji^i ® e^) E L® L and kij e k, with i,j — 1, 2, 3. It is clear 



that 



^12^^13 



/2^^23 



^13^^23 



3 3 

Yl hjkstiei.es] ® e 

i,j=l s,t=l 
3 3 

kijkgtG-i <s> [6j, 65 

i,j=l s,t=l 
3 3 

kijkstei (8) 6s (g) [sj, St] 

i,j=l s,t=l 



By computation, for all i,j,n = 1,2,3, we have that the coefficient of ej <S> <S> in 
[r^^, r^^] is zero and 6j ® ® ej in [r^^, r 



We now see the coefficient of 6j g) ej 



\ IS zero. 

6n 



in [r^^, r^^l + Ir^"^, r^^l 



(1) 61 (g) 61 (g) ei(Q!A;i2/i;3i - aA;i3A;2i) 

(2) 62 (g 62 (g e2(-/3A;2lfc32 + Pk23kl2) 

(3) 63 (g 63 (g e3(A;3iA;23 - ^32^:13) 

(4) 61 (g 62 (g e3{ak22k33 - ak32k23 - Pkuk33 + I3ki3ki3 + A;iifc22 - ^12^21) 

(5) 62 (g 63 (g ei(/3A:33A:ii - pki3k3i - ^22^11 + /i;2ifc2i + ak22k33 - ak23k32) 

(6) 63 (g 61 (g 62(A:iiA;22 - A;2iA:i2 - aA;33A;22 + ak32k32 + Pk33kii - (3k3iki3) 

(7) 61 (g 63 (g e2{-ak33k22 + ak23k32 + kiik22 - ki2ki2 - I3kiik33 + /^/Cig/Cgi) 

(8) 63 (g 62 (g ei{-k22kii + A;i2A;2i + Pk33kii - Pk3ik3i - ak33k22 + ak32k23) 

(9) 62 (g 61 (g 63(-/3A;ii/c33 + f3k3iki3 + ak22k33 - ak23k23 - k22kii + /C21/C12) 

(10) 61 (g 61 (g e2{-ak3ik22 + a;/c2i/c32 + aki2k32 - aki3k22) 
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(11 

(12 
(13 
(14 
(15 
(16 
(17 
(18 
(19 
(20 
(21 
(22 
(23 
(24 
(25 
(26 
(27 
Let 
It 
(28 
(29 
(30 
(31 
(32 
(33 
(34 
(35 
(36 
(37 
(38 
(39 
(40 
(41 
(42 
(43 
(44 



62 Ci 
Ci Ci 

63 ® Ci 
62 (S) 62 
Ci (g) 62 

62 ® 62 

63 62 
63 (g) 63 61 
63 (g) 63 (g) 62 
62 ® 63 (g) 63 
61 ® 63 ® 63 

61 63 (8) Ci 

61 (8) 62 (8) 61 

62 (8) 61 (8) 62 

62 (8) 63 (8) 62 

63 (8) 62 (8) 63 
63 (8) 61 (8) 63 



-q;A;23^21 + C(k22hi + a/c22fci3 - Q;A:23^12) 
ttA;2iA;33 — 0:^31/1:23 + ctki2k33 — 0^:13^23) 
Oik32hi - "^33/^21 + ctk32ki3 - aA;33A;i2) 
-Pki2k3i + I3k32ku + Pk23kii - Pk2ik3i) 
-Pkiik32 + f^kisku - f3kuk23 + f3ki3k2i) 

Pk32kl3 - f3ki2k33 - I3k2lk33 + I3k23ki3) 
-I3k3ik32 + I3k33ki2 + Pk33k2i - Pk3ik23) 

ki3k2i - k23kii + /C31/C21 - A;32A;ii) 

-k23kl2 + ki3k22 - k32ki2 + A;3i/C22) 
k2lk23 ~ k22kl3 + k2lk32 — A;22/^3l) 

-A;i2A:i3 + A;iiA;23 - A;i2A;3i + A;ii/c32) 

Q;A;23/;;3i - a/css^si - ^12^11 + ^11^21 + Q;A;i2A;33 - Q!A;i3/;;32) 
—ak32k2i + ak22k3i — Phiksi + Phsku — aki3k22 + aki2k23) 
Pk3iki2 - Pkiik32 + ak22k32 - ak23k22 - Pk2iki3 + Pk23kn) 

-Pki3k32 + (3k33ki2 + A;2lA;22 - k22ki2 - (3k2lk33 + (3k23k3l) 
kl2k23 - k22ki3 - Pk3ik33 + Pk33ki3 + k3ik22 - k32k2l) 

-k2iki3 + kiik23 + ak32k33 - ak33k23 + k3iki2 - k32kii). 

ku = X, k22 = y, k33 = Z, ki2 = p, k2l = q, ki3 = S, ksi = t, k23 = U, k32 = V. 

follows from (l)-(27) that 
apt — aqs 
I3qv — (5pu 
tu — vs 

ayz — (5xz + xy — auv + /3s^ — pq — 0. 
(3zx — yx + ayz — (3st + q'^ — auv = 
xy — azy + l3zx — pq + av^ — (3st = 
—azy + xy — (5xz + auv — p^ + (3st = 
—xy + (3xz — ayz + pq — I3t^ + auv = 
—f3xz + ayz — yx + (3st — au^ + pq — Q 
a{—ty + qv + pv — sy) = 
a{—uq + yt + ys — up) = 
a{qz — tu + pz — su) = 
a{vt — zq + vs — zp) = 
(3{—pt + vx + ux — qt) = Q 
(3{—xv + sp — XU + sq) = 
P{vs — pz + us — qz) = 
l3{—tv + zp + zq — tu) = 
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(45) sq — ux + tq — vx = 

(46) —up + sy — vp + ty = 

(47) qu — ys + qv — yt = 

(48) —ps -\- xu — pt + XV = 0. 

(49) aut — azq — px + xq + apz — asv = 

(50) —avq + ayt — [ixt + [3sx — asy + apu = 

(51) ptp — [3xv + ayv — auy — (3qs + l3ux = 

(52) —jSsv + /3zp + qy — yp — Pqz + /Swt = 

(53) pu — ys — fitz + + t?/ — = 

(54) —qs + xu + avz — azu + tp — vx — Q 

It is clear that r is the solution of CYBE iff relations (28)-(54) hold. 

(I) By computation, we have that if r is strongly symmetric or a, /3-skew symmetric 
then relations (28)-(54) and so r is a solution of CYBE; 

(II) Let a 7^ and /3 7^ 0. By part (I), we only need show that if r is a solution of 
CYBE, then r is strongly symmetric or a, /3-skew symmetric. 

By computation, we have 

(55) (by (34)+ (32)); 

(56) u'^^v'^ { by (33)+ (36)); 

(57) i2 = sMby(31)+ (35)); 
(a). If s = t 7^ 0, then we have that 

p = q by (28) 

u — V by (30) 

(58) yz = u^ by (35) - (32) 

(59) xz = by (32) + (33) 

(60) xy = p2 by (36) - (31) 

(61) xu — sp by (41) 



then r is strongly symmetric. 

Similarly, we can show that ii p = q^ 
(b). li s — —t ^ then we have that 



OY u — V ^ then r is strongly symmetric. 

p = -q by (28) 

u = —V hy (30) 

y = by (53) 

X = az hy (50) 
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apz^ + au^ + I3s^ + = by (31) 



Then r is a, /3-skew symmetric. 

Similarly, we have that \i p — —q ^ Q or u — —v ^ 0, then r is a, /3-skew symmetric, 
(c). lis — t — u — V— p — q — then we have that 

= by (32) + (33) 
yz = by (32) + (31) 
xy ^ ^ by (31) 

Thus r is strongly symmetric. 

(Ill) Let a = /? = 0. It is clear that system of equations (28)- (54) is equivalent to the 
below 

tu = vs, q = p,p'^ = xy 
{s + t)p — (u + v)x ~ 
< (s + t)y — {u + v)p ~ 
(i — s)y + (m — v)p ~ 
(i — s)p + (m — i')a; = 

It is easy to check that if r is one case in part (III) then the system of equations hold. 
Conversely, if r is a solution of CYBE, we shall show that r is one of two cases in part 
(III). If p 7^ then r is the first case in part (III). If p = then r is the second case in 
part (III). □ 

In particular. Proposition 1.4 implies: 

Example 1.5 Let 

sl{2) := {x \ X is a 2 X 2 matrix with trace zero over k} 

and 

Thus L is a Lie algebra (defined by [x,y] — xy — yx) with a basis {61,62,63}. It is clear 
that 

[61, 62] = 63, [62, 63] = 46i, [63, 61] = -462. 

Consequently, r is a solution of CYBE ijfr is strongly symmetric or 4, —^-skew symmetric 
to the basis {61,62,63}. 
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Proposition 1.6 L be a Lie algebra with a basis {ci, 62, 63} such that [ei, 62] = 0, [ei, 63] = 

ei + /3e2, [e2, 63] = 6e2, where j3,d E k. Let p, q, s, t, u, v, x,y, z E k. 

(I) If r is strongly symmetric, then r is a solution of CYBE. 

(II) If (3 = 0,6 ^ 0, then r is a solution of CYBE in L iff r is strongly symmetric, or 
r = p{ei 62) + q{e2 ® ei) + s(ei ® 63) - 5(63 ei) + u{e2 ® 63) - u{e3 62) + x(ei 

ei) + 1/(62 ® 62) 

wii/i xu = xs = ys = yu = {1 — d)us = (1 + 5)s{q + p) = (1 + 5)u{q + p) = 

(^///j If P and 6=1, then r is a solution of CYBE in L ijjr is strongly symmetric, 

or 

r = p{ei 62) + g(e2 Ci) + u{e2 ® 63) - 14(63 ® 62) + x{ei ® Ci) + y(e2 ® 62) 
wz^/i xu = yu = u{q + p) = 

(IV) If P = 6 = 0, then r is a solution of CYBE in L iff 

r = p(ei (8) 62) + g(e2 ® ei) + s(ei ® 63) + 5(63 ® ei) + u(e2 ® 63) + ^(63 ® 62) + a;(ei 
ei) + y{e2 <S> 62) + z{e3 <S> 63) 

2; 0, 2;;? = vs, zq = lis, = s^, or 
r = p(ei (8) 62) + g(e2 ei) + s(ei 63) - 5(63 ei) + u{e2 63) + v{e3 62) + x(ei 
ei) + ?/(e2 <8) 62) 

= = = = = 0, x^p = qv, s{p + q) = 

Proof. Let r = Z]ij=i%(ei ® e^) G L ® L and A;^^ G A;, with = 1,2,3. By 
computation, for all i,j, n = 1, 23, we have that the coefficient of Cj ® e^® in [r^^, r^^] 
is zero and Cj ® ® in [r-*^'^, r^"^] is zero. 

We now see the coefficient of ® Cj (8) e„ 

in [r-*-^, r-*-^] + [ri2^j,23j _|_ |-j,i3^^23j^ 

(1) ei (g) ei (g) ei(-A;i3/i;ii + /cn/cai); 

(2) 62 (g) 62 (8 e2{- I3k22,ki2 + /?A;2i/c32 - (^^23^:22 + 6k22k32)', 

(3) 63 8) 63 (g) 63(0); 

(4) ei (g) 62 (g) e3(-A;32A;i3 + A;i2A;33 - f^ki^kn + Pkuk^^ - 5A;i3A;23 + 6ki2k^'i); 

(5) 62 (g) 63 (g) ei(-/5A;33A;ii + pki^k^i - (^/i:33/i;2i + 5/i;23fc3i - A:23A:3i + ^21^:33); 

(6) 63 (g) ei (g) e2(-/i;33A;i2 + A;3iA;32 - Pk^skn + Pk^ikn - 6k33ki2 + 6k32ki3); 

(7) ei (g) 63 (g) e2{-k33ki2 + A;i3A;32 - (3ki3k32 + Pkuk^s - 6ki3k32 + 6ki2k33); 

(8) 63 (g) 62 (g) ei(-/3A;33A;ii + Pksik^i - 6k33k2i + (5A;32A;3i - A;33A;2i + ^31^23); 

(9) 62 (g) ei (g) e3(-/3A;3iA;i3 + /3A;iiA;33 - (5A;3iA;23 + 5A;2iA;33 - ^23^:13 + A;2iA;33); 

(10) ei (g) ei (g) e2(-A;3iA;i2 + A;ii/c32 - ki3ki2 + kiik32); 

(11) 62 (g) ei (g) ei(-A;23A;ii + A;2iA;3i - k23ku + /s2iA;i3); 

(12) 61 (g) 61 (g) e3(-A;3iA;i3 + A;ii/c33 - A;i3A;i3 + A;iiA;33); 
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(13 
(14 

(15 

(16 

Sk22k33 

(17 

Sk32k23 

(18 
(19 
(20 
(21 
(22 
(23 
(24 
I3k2iki3 
(25 

Sk22k33 

(26 
(27 
Let 

It 



63 (g) ei (g) ei(-A;33A:ii + k3ik3i - ksskn + k3iki3); 

62 (8) 62 6i(-/3A;32A;ii + Pkuksi - 6k32k2i + Sk22k3i - (3k23kii + (3k2ik3i - 6k23k2i + 

61 (g) 62 ® e2{-(3ki3ki2 + Pkuk32 - 5/213^22 + Ski2k32 - (3ki3k2i + Pkuk23 - Ski3k22 + 

62 (g) 62 (g) 63(-/3A;32/Cl3 + Pki2k33 - 6k32k23 + Sk22k33 - Pk23ki3 + Pk2lk33 - 6k23k23 + 
1 

63 (g) 62 ® 62(-/3A;33/Ci2 + Pk3ik32 - Sk33k22 + 5/C32/C32 - /^/^Ssfel + Pk3ik23 - Sk33k22 + 
J 

63 (g) 63 (g) 61(0); 

61 (g) 63 (g) 63(0); 
63 (g) 63 (g) 62(0); 

62 (g) 63 (g) 63(0); 

61 (g 63 (g) ei(-A;33A;ii + A;i3A;3i - kisksi + kuksz) = 61 (g) 63 (g ei(0); 
ei<^e2<^ei{-k32kii+ki2k3i-f3ki3kii+l3kiik3i-5ki3k2i+5ki2k3i-ki3k2i+kuk23); 

62 (g 61 (g) e2{-f3k3iki2 + Pkiik32 - Sk3ik22 + Sk2lk32 - k23kl2 + k2lk32 - ^^23^11 + 

- Sk23ki2 + Sk22ki3); 

62 (g) 63 (g) e2{-(3k33ki2 + /?^13^32 - 5^33^22 + (5/^23^32 " /?^23^31 + l3k2lk33 + Sk33k22 " 



63 (g) 62 (g 63(-/?A;33fci3 + Pk3ik33 - Sk33k23 + ^^32^:33); 
63 (g) 61 (g) 63(-A;33A;i3 + /C31^33); 

ku = ^22 = y, k33 = ^, A;i2 = p, k2i = ki3 = s, A;3i = t, k23 = A;32 = v. 
follows from (l)-(27) that 



(28) 


—sx + xt = 0; 






(29) 


—(3up + I3qv — duy + 6yv = 0; 




(30) 


—vs + pz — I3s^ + (3xz — 


Ssu + Szp = 


= 0; 


(31) 


—(3xz + Pst — dzq + Sut 


— ut + qz = 


0; 


(32) 


—zp + tv — jSzx + j3ts — 


Szp + 5vs = 


0; 


(33) 


—zp + sv — (3st + fixz — 


6sv + 6zp = 


0; 


(34) 


—f3zx + (3tt — 6zq + 6vt 


— zq + tu = 


0; 


(35) 


—(3st + (3xz — Stu + Sqz 


— us + qz = 


0; 


(36) 


—tp + XV — sp + vx = 0; 






(37) 


—ux + qt — ux + qs = 0; 






(38) 


— st + xz — s'^ + xz = 0; 






(39) 


~zx + tt — zx + st = 






(40) 


—(3vx + (3pt — Svq + 5yt 


— (3ux + (5qt — 
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(41) —(3sp + (3xv — 6sy + 6pv — (3sq + I3xu — 5sy + 5pu = 0; 

(42) —I3vs + I3pz — Svu + 6yz — f3su + [3zq — du^ + 5yz = 0; 

(43) —(3zp + (3tv — 5zy + 6vv — jSzq + (3tu — 6zy + 6vu = 0; 

(44) —vx + pt — l3sx + l3xt — Ssq + 5pt — sq + xu = 0; 

(45) —/3pt + (!ivx — Sty + — up + qv — (3ux + /3gs — 5up + Jys = 0; 

(46) -(5zp + /3sw - put + = 0; 

(47) -(3zs + - 5zu + = 0; 

(48) -zs + tz = {)- 

It is clear that r is a solution of CYBE iff (28)- (48) hold. 

(I) It is trivial. 

(II) Let /3 = and 5 7^ 0. We only show that if r is a solution of CYBE, then r 
is one of two cases in part (II). If 2; 7^ 0, we have that u — v, s — t,yz — u^,xz — s'^ 
and ux — sp by (47), (48), (42), (38) and (36), respectively. It follows from (30) and 
(33) that pz — us and from (31) and (34) that qz — us. Thus q — p and xy — p^ since 
xyz — xu? — spu — zp^. By Lemma 1.2, r is strongly symmetric. 

If 2; = 0, we have that u——v and s — —thy (43), (42), (38) and (39). It follows from 
(28), (29), (36), (40), (30), (44) and (45) that sx ^0,yu^ 0, xv = 0, = 0, (1 - S)us = 
0, (1 + 5)s{p + q) — and (1 + 5)u{p + g) = 0, respectively. Consequently, r is the second 
case. 

(III) Let P 0,6 — 1. We only show that if r is a solution of CYBE, then r is one case in 
part (III). If z 7^ 0, we have that t — s,u — v,q — p,xz — s^, zp — su, sp — xu and u^ — yz 
by (48), (47), (46), (38), (32), (36) and (42), respectively. Since xyz = xu^ = spm = V, 
xy = p^. Thus r is strongly symmetric by Lemma 1.2. 

If z = 0, then = 0, t = and s = by (31), (39) and (38), respectively. It follows 
from (42) and (43) that u = -v. By (36), (45) and (29), xu = 0,u{p + q) = and uy = 0. 
Consequently r is the second case. 

(IV) Let (3 = 6 = 0. We only show that if r is a solution of CYBE, then r is one case 
in part (IV). If 2 7^ 0, we have that s = t, = xz, zp = vs and zq = us by (48), (38), 
(32) and (34), respectively. Consequently r is the first case in part (IV). If 2; = 0, then 
s = -t by (38) and (39). It follows from (30), (31), (28), (37), (36), (45) and (44) that 
vs = 0,us = 0, xs = 0,xu = 0, XV = 0,up = qv and s{p + q) = 0. Consequently, r is the 
second case in part (IV). □ 

Corollary 1.7 Let L is a Lie algebra with dim L < 3 and r & L <S) L. If r is strongly 
symmetric, then r is a solution of CYBE in L. 
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Proof . If A; is algebraically closed, then r is a solution of CYBE by Proposition 1.4, 
1.6 and 1.3. If k is not algebraically closed, let P be algebraically closure of k. We can 
construct a Lie algebra Lp = P ® L over P, as in [3, section 8]. Set \I' : L — > Lp by 
sending x to 1(E) x. It is clear that Lp is a Lie algebra over P and ^' is homomorphic with 
ker'i/ = over k. Let 

f = (vE' (g) \E')(r). 

Obviously, f is strongly symmetric. Therefore f is a solution of CYBE in Lp and so is r 
in L. □ 

2 Coboundary Lie bialgebras 

In this section, using the general solution, which are obtaied in the section above, of CYBE 
in Lie algebra L with dim L < 3, we give the the sufficient and necessary conditions which 
(L, [ ],Ar,r) is a coboundary (or triangular ) Lie bialgebra. 

We now observe the connection between solutions of CYBE and triangular Lie bial- 
gebra structures. It is clear that if (L, [ ],Ar,r) is a triangular Lie bialgebra then r is a 
solution of CYBE. Conversely, if r is a solution of CYBE and r is skew symmetric with 
r e L (g) L , then (L, [ ], A^, r) is a triangular Lie bialgebra by [8, Proposition 1] . 

Theorem 2.1 Let L be a Lie algebra with a basis {61,62,63} such that [61,62] = 
63, [62, 63] = q;6i, [63, 61] = /?62; where a,P & k and aP ^ or a — P — 0. Let p,u,s & k 
and r = p{ei (8) 62) - p(62 (8) 61) + s(6i (g) 63) - 5(63 (g) 61) + ^(62 (g 63) - ^(63 (g 62). Then 

(I) (L, [ ], Aj.,r) is a coboundary Lie bialgebra iffr is skew symmetric; 

(II) (L, [ ], Ar,r) is a triangular Lie bialgebra iff 

ps^ + av? + = 0, 
Proof. (I) It is sufficient to show that 

(l+e + a(l(gA)A(6,) = 
for i = 1,2,3. First, by computation, we have that 
(l(g A)A(6i) 

= {(61 <g 62 (g es){Pps - /3ps) + (es (g 61 (g e2)iPps) + (e-z ® 63 (g ei){-Psp)} 
+ {(ei ® 63 g) e2){-l3ps + l3ps) + (cs ® 62 ® ei){-(3ps) + (62 ® ci ® e3){(3sp)} 
+ {(61 g) 61 g) e2){aPsu) + (61 g) 62 ® ei){-/3asu) + (62 g) 61 g) ei)(0)} 
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+ {(ei (g) ei (g) e3){-apu) + (ei (g) 63 ei){apu) + (63 ei ei)(0)} 
+ {(62 ei e2)(-/?^s^) + (ei ® 62 ® e2)(0) + (62 62 ei)(/3^s2)} 
+ {(63 63 (g) ei)(p2) + (63 (g d ® e3)(-p2) + (ei (g 63 ® e3)(0)} 

Thus 

(l + e + a(l®A)A(ei)=0 

Similarly, we have that 

(l + e + a(l®A)A(e2)=0 

(l + e + O(l®A)A(e3)=0 

Thus (L, [ ], Ar, r) is a coboundary Lie bialgebra. 

(II) By part (I), it is sufficient to show that r is a solution of CYBE iff 

(3s^ + au^ + p2 ^ 0. 

(a) . Let a 7^ and /9 7^ 0. Considering r is skew symmetric, by Proposition 1.4 (II), we 
have r is a solution of CYBE iff 

(3s^ + au^ + p2 ^ 0. 

(b) . Let a — P — 0. Considering r is skew symmetric, by Proposition 1.4 (III), we have r 
is a solution of CYBE iff 

□ 

Let (L, [ ]) be a familiar Lie algebra, namely, Euclidean 3-space under vector cross 
product. By Theorem 2.1, (L, [ ], A^, r) is not a triangular Lie bialgebra for any 7^ r e 
L®L. In fact, [5, Example 2.14] already contains the essence of this observation. 

Example 2.2 Under Example 1.5, we have the following: 
(i) {sl{2), [ ],Ar,r) is a coboundary Lie bialgebra iff r is skew symmetric; 
(a) (s/(2), [ ], Ar,r) is a triangular Lie bialgebra iff 

-45^ + 4^2+^2 = 0, 

where r — p{ei (g 62) — p{e2 (g) ei) + s(ei (g 63) — 5(63 (g ei) + u{e2 (g) 63) — u{es (g 62) and 
p,s,uE k, 
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Theorem 2.3 Let L be a Lie algebra with a basis {61,62,63} such that 

[6162] = 0, [ei, 63] = 61 + f3e2, [62, 63] = ^62, 

where 5,13 & k. Let p,s,u & k and r — p{ei <S> 62) — p(62 <S> 61) + s{ei <S> 63) — 5(63 <S> 61) + 
u{e2 ® 63) - ^(63 ® 62) 

(I) (L, [ ],Ar,r) is a coboundary Lie bialgebra iff 

(5 + l)((5-l)u + /3s)s = 0; 

(II) If f3 — 0, then {L, [ ],Ar,r) is a triangular Lie bialgebra iff 

(1 - 5)us = 0. 

(III) If P and S — 1, then (L, [ ], A^, r) is a triangular Lie bialgebra iff 

s = 0. 

iff (L, [ ],Ar,r) is a coboundary Lie bialgebra. 
Proof . (I) We get by computation 
(1® A)A(6i) 

= {(61 (g) 61 (8) e2){PSss — 5us) + (ei 62 ei){—pSss + 6us) + (62 61 6i)(0)} 

+ {(62 62 6i)(-/?MS + + - 

+ (62 (8) 61 (8) e2){pus -UU + Pus - + (61 O 62 (g) 62) (0)} 
(1® A)A(e2) 

= {(61 ® 61 ® 62)(5^ss) + (ei ® 62 ® 6i)(-5^s^) + (62 ® 61 ® ei)(0)} 

+ {(62 ® 62 ® ei){d(3ss - 6su) + (62 (g) 61 (g) 62)(5sw - 5/3ss) + (61 (g) 62 (8) 62)(0)} 
(1(8)A)A(63) 

= {(61 (8) 62 <8) 63)(5su + + (62 (8 63 (g) 61) (—5ms — Pss) 

+ (63 61 (8) 62) (55ms + pSss + Pss — su)} 

+ {(61 (8) 63 (g) 62)(— 5sM — Pss) + (63 (8 62 <8) ei){—pSss — SSus — Pss + su) 

+ (62 <8) 61 (8) e3)(5MS + /?ss)} 

+ {{ci ® ei ® e2){—6sp — 5Sps + sp + 5sp) 

+ (61 (8) 62 (8) ei)(5j9s + 66ps - 5sp - sp) + (62 (8) ei (8) ei)(0)} 

+ {(61 8) 61 8) 63) (ss) + (61 8) 63 8) 61) (-ss) + (63 8) 61 8) 61) (0)} 
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+ {(e2 62 ei){—(3ps + pu — S/3sp — 6Sup — SPps + Spu — (3sp — Sup) 
+ (e2 ei 62) {Pps — pu + 5(3sp + 55up + 5(3ps — Spu + f3sp + Sup)) 
- (ei 62(8) 62) (0)} 
+ {(62 62 e'i){SSuu + S(3us + (3Sus + 

+ (62 63 e2){—SSuu — S(3us — (5Sus — PPss) + (63 62 e2)(0)} 
Consequently, 

(l + e + a(l®A)A(ei)=0 
(l + e + f)(l®A)A(e2)=0 

and 

(l + e + a(l®A)A(e3)=0 

iff 

+ S/Ss"^ + I3s^ - Its = 0. 
Tfiis implies that (L, [ ], Ar,r) is a coboundary Lie bialgebra iff 

S'^us + Sj3s^ + /?s^ - tis = 

(II) If (L, [ ], Ar,r) is a triangular Lie bialgebra, then (5^ — l)us = by part (I). If 
{S + l) ^ 0, then (1 - S)us = 0. If 5 + 1 = 0, then (1 - S)us = by Proposition 1.6 
(II). Conversely, if (1 — S)us — 0, then we have that (L, [ ], Ar,r) is a coboundary Lie 
bialgebra by part (I) . Since r is skew symmetric we have that r is a solution of CYBE by 
Proposition 1.6 (II) (IV). Thus (L, [ ], Ar,r) is a triangular Lie bialgebra. 

(III) Similarly, we can show that part (III) holds by part (I) and Proposition 1.6 (III). 

□ 

Theorem 2.4 If L is a Lie algebra with diniL = 2 and r & L ® L, then (L, [ ], A^, r) 
is a triangular Lie bialgebra iff (L, [ ], Aj.,r) is a coboundary Lie bialgebra iff r is skew 
symmetric. 

Proof. It is an immediate consequence of the main result of [5] . □ 
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